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Abstract 

An explicit solution for the generating functional of n-point functions 
in the planar approximation is given in terms of two sets of free-algebraic 
annihilation and creation operators. 

1 Introduction 

Thirty years ago, the 1/N expansion was introduced as a new scheme for a 
perturbative treatment of QCD. The zeroth order of this expansion - the large 
N limit - includes all planar Feynman diagrams of the theory. This "planar 
approximation" was argued to give a qualitative correct description of strong 
interactions The solution for the planar approximation was sought for in 
terms of a "master field" , from which the vacuum expecation values of all U{N) 
invariant expressions should be calculable For zero-dimensional theories 
involving one matrix- valued field, the master field has been found jj- For higher 
dimensional theories it was argued in [S] E] , that the master field could not be 
classical in the sense of a single saturating configuration for the path integral 
defining the theory. 

It was realised independently by several authors, that the master field for 
the planar sector of field theory should be formulated in a framework, which 
is known in mathematics as "free algebra". The relevant setting here is the 
representation of a generalised Cuntz algebra |7] in a free Fock space of states, 
which are created by creation operators ai^ from a vacuum state annihilated by 
Ui, the adjoint of 0^+: 

|zi,i2, . . . ,i„ > = ail tti^ ■■ ■ai'l\0> (1) 
a^\0> = 0. (2) 

The term "free" is used in the mathematical sense and expresses the fact that 
the product of two free-algebraic creation operators does not obey any constraint 
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(it is not commuting nor anticommuting) . Instead the products of creation and 
annihilation operators a.i^ and Oj obey the free-algebraic relations 

aio/ = 5ij , ^ a,+ai = 1 - |0><0|. (3) 

i 

In 1980 1 used these operators to define "planar fields" for the non-interacting 
field theory [5], Halpern and Halpern and Schwartz ^U] introduced them in 
a Hamiltonian approach and Cvitanovic et. al. used "non-commuting sources" 
with similar properties to define generating functionals for various n-point func- 
tions in the planar approximation |11| . 

More than ten years later the work on free random variables by Voiculescu 
et al. and the suggestion of Singer to represent the large N master field 
in the context of free groups stimulated new studies of the large N limit. 
Douglas ^1] and independently Gopakumar and Gross ^3] found the following 
formal construction of the master field Mi for interacting theories in terms of 
creation and annihilation operators of the free Fock space as defined in (1-3): 

Mi = -I- ^ ^ a;j,ii,...,i„a^+ • • • ai+. (4) 

Unfortunately the construction of this master field involves the connected n- 
point functions x^^^.-.^i^ of the theory, which are just the objects one would like 
to calculate. 

In two papers |16[ I17j Halpern and Schwartz constructed a master field by 
generalising the algebra (1-3) to the case of interacting fields. From this new 
algebra they derived an infinite set of polynomials in the master fields with 
vanishing vacuum expectation values. These relations for the first time gave a 
set of linear equations for the n-point functions of the large N theory. This set 
of equations can be generated from the functional 

<0|(1 - f3iGii(l))+m'En>m-^\0>^ 1, (5) 

involving a non-commuting source /?;. For a field theory with cubic self inter- 
action Gi and Ew are given in terms of the fields the kinetic operator Ajc 
and the one-point function zi as; 

Gii<j)):^Aw(t)i,+g(t)i^, Ew{(l))^Au'+gSn>{(t>i+zi). (6) 

In this paper I will derive an explicit representation of the n-point functions 
Zi-^...i^ in terms of two independent sets of free-algebraic operators ai^aj^ and 
hi, hj^ and their corresponding vacua |0>^, |0>^, which for the case of cubic self 
interaction reads: 

^^l.■■■,^„ = .<OL<0|a,, •••a,„(l-5(a,a+,6,5+))-i|0>,l0>„ (7) 
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with 



S{a,a+,b,b+) = ai+{A-\i,bi,+bi+) - ga,+ A-\i,{ai,^ - ai,bi,+ - zi,bi,+ ). (8) 

This representation can be looked at as a solution of the linear relations |(SJ) 
of Halpern and Schwartz. In section 2 a new derivation of these relations will 
be given, starting directly from the nonlinear Schwinger Dyson equations for 
the large N theory, without the use of the generalised algebra of Halpern and 
Schwartz. In sections 3 and 4 these relations will be solved, leading to the new 
representation for the generating functional of the n-point functions. In section 5 
I will derive this new representation directly from the Schwinger Dyson equation 
for the generating functional. Section 6 contains concluding remarks and an 
outlook for the numerical treatment of the new representation. An appendix 
gives a short description of a series expansion for the new representation H7I8|I . 

I will follow closely the notational framework of The object of study 
is the large N limit of an Euclidean field theory with NxN Hermitean matrix 
valued fields Mi in a discretised space of d dimensions. The large N sector of this 
theory is determined by the vacuum expectation values of the trace of products 
of n fields (n-point functions or Schwinger functions) 

z^,,^,,...,^,^ ^ lim N'^ <v\Tr{M,, M,, ■ ■ ■ M,J\v> , (9) 

N^oo 

where \v> is the vacuum state of the field theory. By definition, 2:ii,i2,...,i„ is 
invariant under cyclic permutations of its indices, a property which will be used 
implicitely in the following sections. 

The Schwinger Dyson equations for the large N Schwinger functions are 
nonlinear. For the case of a cubic interaction, which will be considered as an 
example throughout the following, they read 

n 
fc=0 

where Aij includes the discretised d-dimensional Laplace operator and a mass 
term. Repeated incides are summed over the d-dimensional lattice points. 

The generating functional for the Schwinger functions has to be defined 
in terms of non-commuting sources because the Schwinger functions are not 
symmetric in their arguments. Non-commuting sources were introduced in 
and also used in |17| . I will use as non-commuting sources the creation operators 
tti^ and define a generating functional Zia^) for n-point functions as 



n— i\,...,in 



= Y^a+^z^, (11) 

UJ 

where uj represents the word of indices (ji, . . . , z„), a) the word with the elements 
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The individual Schwinger functions are recovered by taking the vacuum ex- 
pectation value of Z{a^) multiplied with the appropriate number of annihilation 
operators : 

= <Q\a'^Z{a+)\Q>^. (12) 



2 Linearising the Schwinger Dyson Equations 

As shown in (8j, the Schwinger Dyson equations are solved (in the notation of 
[ITp by Hermitean master fields 0/ and Hermitean master momenta tt; obeying 
the "planar" commutation relation 

[4>u^v] ^ i5u'\Q><Ql (13) 

and the vacuum equation 

^fi|O>=i/2GK0)|O>, (14) 

where G; is determined by the Lagrangean of the underlying field theory. For 
the case of cubic self interaction 

Gi{4>) = ^n4v + g^i'' ■ (15) 

The Schwinger Dyson equations (|10|l follow by equating the evaluation of the 
expression 

<O|[0,, ••■(^,„,^,]|0> (16) 

using the commutation relation with the evaluation using the vacuum equa- 
tion ifTHi . 

Motivated by the construction of polynomials in the fields with vanishing 
vacuum expectation values in jl^ (cf. eq. Q), I look for an expression of 
the form D(0, /3) = (1 — R(4>, j3))~^ , depending on an external non-commuting 
source (ii, which will be determined by the requirement, that <O|I?(0, /3)|0>= 1. 
Evaluating the vacuum expectation value of the commutator of D with tt; and 
equating it with the corresponding expression using the vacuum equation results 
in 

I <O|GK0)i^(0,/?)|O>=<O|i?(<^,/3) [R{dp,l3),ii\ D{dp,l3)\Q> . (17) 

Now R{4),(3) should contain a term involving Gi{(t)) in order to cancel the Gi{4)) 
on the left hand side. This in turn implies terms proportional to </), coming 
from the commutator on the right hand side, which can be canceled only if R 
contains in addition a term linear in (j). This leads to the Ansatz 

R{4>, p) = PiGi{4>) + n{l3)^i + r{l3). (18) 
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With this Ansatz the eq. p7ll becomes 

<0\Gii(b)D\0> = <0|i?|0> (A'An+n(/3)) <0|i^|0> 

+ g <O|i:>0;|O> f3i <0|i:'|0> (19) 
+ g <0|L>|0> Pi <0\<j)iD\0> . 

Multiplyng by /?;, summing over / and ehminating the factor f3iGi{(j)) from the 
left hand side yields 

D = 1 

+ (r + l3iD{Pvl\in + n) + gPiDiPi)D 

+ {ri + g(3iDf]i)Di, (20) 

where D is shorthand for <0|L'|0> and Di for <O|£'0; |O>=<O|0;£'|O> and both 
are functions of the noncommuting /3's. 

Repeating the same procedure for the commutator of D(f>k with tt; leads to 
a similar equation for Dk'- 

Dk = Zk+ PkD 

+ {r + f3iD{(3i,Ai,i + n) + g(3iDif3i)Dk 

+ {ri + g(3iD(3i)Dik. (21) 

Here Zk =<0\4>k\0> is the one-point Schwinger function of the theory and 
Dik —<0\(t)iD(f)k\0>. From these equations it is evident, that choosing 

n(/3) = -gPiDPi, (22) 
r = -(3iDPi,Ai,i-gif3iDiPi-piD(3iD(3i) (23) 

gives D = 1 and Dk = Zk + f3k, which in turn determines R{(j), (3) as 

i?(0,/3) = piGii^) - m-i^i'i + Sng{cj)i+ <O|0z|O>)). (24) 

Since 1 ^ D =<0|(1 — R{(p, f3))^^\0>, this is a new derivation of the result ||SJ) 
of Halpern and Schwartz. 
Using the identity 

=<O|0'^|O>= <;0|a"Z(a+)|0>„, (25) 

the result of this section can be reformulated in terms of Z(a+), the generating 
funtional of Schwinger functions: 

„<0|(1 -i?(a,/3))-iZ(a+)|0>„ =1. (26) 

In the next sections, I will invert relation (|26|l and obtain an explicit expres- 
sion for Z{a^) in terms of a second set of free-algebraic operators. 
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3 Solution for the Non- Interacting Theory 

In order to solve eq. 126|l for Z{a^) I make the following Ansatz: 

(1 - R{a, (5))-^Z{a+) = 1 + H{a, (3) + K{a+ , (3), (27) 
where H{a, (3) is a sum of products of annihilation operators 

H{a,(3)= J2 K{P)a^, (28) 
|<^|>i 

and -ft'(a+, (3) is a sum of products of creation operators 

|<^|>i 

The summation index Iwj > 1 indicates that the sum extends over words of one 
and more letters, such that ^<0| (iJ(a, /3)|0>„ = and „<0|(if (a+, /5)|0>„ = 
and therefore the Ansatz fuUfiUs eq. (|26|1 . Terms containing mixed products of 
creation and annihilation operators cannot appear, because the left hand side is 
a product of an operator containing only annihilation operators and an operator 
containing only creation operators and all mixed products of a's and a"'"'s can 
be eliminated using ||3Jl. 

Multiplying H27() by 1 — i?(a, (3) and collecting terms containing annihilation 
and creation operators results in separate equations for H and K. In order to 
explain the solution method, I will first consider the non-interacting case with 

R^''\a,p)^An-(aiPv-m')- (30) 
From this the equations for H and K follow: 

{\-R^°\a,P))H{a,(3) = Au-aiPv (31) 
{l + /^U'm'){l + K{a+,p))-l^ivai(3i.K{a+,l3) = Z^°\a+). (32) 

The annihilation part will not be needed further on. The equation for K leads 
to the following iterative equations for {(3) : 

l^ii'Pik^i'iP) = (1 + A„,AA')fc-(/3) - fcc.(0), (33) 

where ziP"* — kt^{0) has been used. The iteration can be made explicit by 
separating the constant term in as ki^{P) — fccj(O) + f3ik2\p): 

k^i{l3) = A-\i,k^j'\/3)+Pik^{P). (34) 

Up to now, the non-commuting sources Pi have not been explicitly specified. 
By choosing for the non-commuting sources creation operators b'^i in a free Fock 
space with vacuum |0>^, the solution will become an explicit expression in terms 
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of operators in this Fock space. In terms of these creation operators, eq. H32|l 
reads 

{l + Aa,bi+bi,+){l + K{a+,b+))-Au'aibi,+K{a+,b+) = (35) 

The iterative equations (|34|l now can be combined into a single equation 
obtained form H35|l by multiphcation from the left with the annihilating operator 
bi: 

aiK{a+, b+) = {A-\i,bi, + bi+){l + K{a+,b+) - A~\i,bi, Z^'>\a+) (36) 

Since K{a^ ,b^) has no term independent of if (a"*", 5"*") = a\aiK {a^ ^b'^) . 
Using this identity in the expression for 1 + if (a"*", 6+) and inserting eq. H36|l 
for aiK{a^, 6+) leads to the following solution for 1 + K(a'^, 6+): 

1 + K{a+,b+) - [1 - ai+iA-\i,bi, + bi+)]-\l - A~\i,b,ai+ Z^"\a+)). (37) 

According to Z(o)(a+) = ,<0|(1 + K {a+ , b+))\0>^ . Taking the vacuum 
expectation value of H37() eliminates the term containing Z'"' (a"*") from the right 
hand side and therefore gives the explicit form for Z("^(a+) in terms of the free- 
algebraic operators 6; and bi^: 

Z^^\a+) = ,<0|[1 - ai+{A-\i,bv + bi+)]-^\Q>,. (38) 

4 Solution for the Interacting Theory 

For the interacting theory similar methods as in the last section can be applied. 
For the cubic self interaction the generating functional for polynomials with 
vanishing vacuum expectation values is built from the following R: 

R{a,b+) = bi+iAwai, + ga?) ~ bi+bi,+ {Au' + gSwiai + zi)). (39) 

Analogously to H35|l the following equation for K can be derived in the case of 
cubic interaction: 

(1 + Au'bi+bi,+ + gzibi+^){l + K{a+, b+)) 
- {bi+Awai, ~ gbi+^ai)K{a+,b+) 

-gbi+a?{K{a+,b+) - ai+ki{b+)) = Z{a+). (40) 

In H4()|l all terms containing zero and more creation operators a'^ are collected 
from the equation (1 — i?)(l + if + H) — Z. Compared to the non-interacting 
case (|35|) the third line on the left hand side of H40|l contains an additional factor 
with two annihilation operators multiplying K. The term linear in a+ in the 
expansion of K therefore would contribute an annihilation operator and has to 
be subtracted from K. 
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The same steps as in the non-interacting case now lead to the foUowing 
equation for 1 + K: 

l + K{a+,b+) = 

(1 + 5a,+A-i„.(ap2 - - z,,6,.+ ) - at+{A-\i,bi, + k+y^ (41) 

{l+gai+A-\i,ai,{ki,{b+) - bi,+ + a,) - ai+ A-\i,bi, Z{a+)). 

The right hand side of this equation stiU contains the unknown functions Z{a^) = 
,<0|(1 + K{a+ ,b+)\Q>t, and ki{b+) = <:0|ai4:(a+, 6+)|0>„, but these can be de- 
termined from 141|l by taking the appropriate vacuum expectation values. With 
the abbreviation 

S{a, a+, b, b+) = ai+{A-\i,bi, + bi+) - gai+ A-\i, {ai? - ai,bi,+ - zi,bi,+ ) (42) 

in the denominator in the r.h.s. of H41|) this leads to 

Z{a+) = f{)\{l-S)-\l+9ai+A-\i.ai.{kv{b+)-bi,+ +ai,))\Q>^ (43) 
h{b+) - <.{)\a,{l- S)-\l-aj^A-~\i.bvZ{a+)\Q>^. (44) 

When the expression (|44|) for fc; is inserted into H43|) . the term proportional 
to Z{a^) in (|44|l does not contribute, because it contains the factor 6;/, which 
annihilates the vacuum in ea. H43|) . Eq. (|43|l therefore gives an explicit solution 
for Z{a+). 

Of course for the Schwinger functions the additional terms in lO do not 
contribute, because the annihilation operators ai act directly on the vacuum 
|0>„: 

= <0|<;0|a"(l - 5(a,a+,6,6+))-i|0>j0> . (45) 

This is the central result of the present work, expressing the large N Schwinger 
functions as vacuum expectation values of an operator constructed from two sets 
of free-algebraic operators. The expression H45|) still is not fully explicit, because 
the operator S{a,a^ ,b^b^) contains the one-point function z;, which has to be 
determined selfconsistently from this expression with oj = I. 

5 Direct Solution from the Schwinger Dyson 
Equations 

With the insight from the last sections the Schwinger Dyson equations can 
be solved directly, leading to the same solution (|45() for the planar Schwinger 
functions. Multiplying the Schwinger Dyson equations in the form 

Zi^^A^^ij{ ^ z^^z^^ - gzjj^) (46) 

by and summing over w gives 

aj(Z(a+) - 1) A"^j(Z(a+)a/Z(a+) - g(a/Z(a+) - a/ - Zja^). (47) 
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In this derivation the following identities have been used: 

^a+^z,^ = = a.(^a+"z^ - 1) = a.(Z(a+) - 1) (48) 

^a+-z,,^=^a+-z^„- (49) 

= a/(^ a'^'^z^ - 1 - ai^zi) = a/(Z(a+) - 1 - a;+z,). 

Inserting (|47|l into the identity ^(a+) = 1 + 0^+0^(^(0"'") — 1) leads to the 
following nonlinear functional equation for Z(a+): 

Z{a+) = {l+gatA-\,af - a,+A~\,Z{a+)aj^)-^ 

( 1 + gai^ A~^ij (a/ + aj Zjj). (50) 

The corresponding functional equation for the non-interacting case (g = 0) 
has been given in 11 : 

Z(o)(a+) = (1 - a,+ A-iyZ(°)(a+)a/)-i. (51) 

The solution for 2'(°)(a+) can be constructed using the explicit realisation of 
the non-interacting planar field from [HI in terms of free-algebraic operators , 
<^f)=A-i/2,,(6,+6/): 

Z(o)(a+) - ^a+^ <0|(/.(°)"|0>= <C0|(1 - ai+A-'/^,{b, + b/))-'\0>,. (52) 

Here it has been used, that because <0|(^(°'"|0> is real it equals <0\(j)^°^'^\0>. 
The result 1)52(1 should be compared to the solution for Z^°\a'^) found in sect. 
3 from the linearised form of the Schwinger Dyson equations. The difference in 
powers of the propagator Aij is irrelevant as will be demonstrated below. 

It will be illuminating to prove explicitly, that the representation H52I) is a 
solution to the nonlinear equation 1(51(1 . I start with a more general expression 

F(A, p) - <C0|(1 - X,b, - p,5/))-i|0>„ (53) 

where A; and pi are objects commuting with 6; and bi^ but not necessarily with 
each other. Expanding the denominator gives _F as a sum of expectation values 
Fn of powers : 

F„ = <cO|(A,6,+p,&/)"|0>,. (54) 

Each term Fn is the sum of all possible ways to contract pairs of 6; and bi^ 
according to the rule 5/5/'+ = Sw until no operators 5/ or bi^ are left over. This 
leads to the following recursion for F„: From the leftmost factor Xjbj + Pjbj^ 
the creation operator bi^ annihilates fCO|. The annihilation operator 6; can be 
contracted with a creation operator in any of the remaining n — I factors. A 
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contraction with the k-th factor implies, that all 6's and fo+'s of the factors 2 
to fc — 1 have been contracted completely among themselves to yield Fk-2, and 
similarly the factors A: + 1 to n must give F^-n- Therefore 

n 

Fn = ^ \jFk-2PjFn-k- (55) 
k=2 

Resumming the Fn and using Fq = I and Fi = yields the equations 

F=l + XiFpiF (56) 

and 

F={l-\iFpi)-\ (57) 

With either \i = pi = ai^ + A^^^^iq or A/ = a^ + A^^//, pi = a; + , F obeys 
the defining equation (|51|l for the generating functional of the non-interacting 
theory. This also shows, that the expressions for Z'^*'^(a+) given in H52I) and in 
H38|) of sect. 3 are equivalent. 

The result H57() for F{X, p) now also can be used to obtain a representation 
for Z(a^) in the interacting case. This becomes apparent, if eq. (|50|l is rewritten 
as 

Z ^ {1 + A- LjZRj)-'^{l + B), (58) 

with obvious definitions for B, Lj and Rj, and if Z is transformed to 

F = Z{1 + B)-\l + A). (59) 

Rewriting l|58|) as an equation for F reproduces the nonlinear equation (|57f) with 

Aj = (1 + A)-'^Lj, pj = (1 + A)-\l + B)Rj. (60) 

Inverting the transformation (|59|l and inserting the representation (|53fl for 
F now yields the explicit solution for Z{a^) in terms of the auxiliary operators 
h and 6+: 

Z{a+) = ,<0|(1 + 5a,+A-^p(ap2 _ avh^ - z,,bi,+ ) - ai+{A-\i,bv + bi,+ ))-^ 
{l + gatA-\i.{ai? + zi.av))\0>,. (61) 

Comparing this expression for Z with eq. (|43|l from sect. 4, there is a 
difference in the additional terms multiplying the denominator: instead of 
gai^A~^ii>{ki'{b'^) — bi''^)ai' in here appears the term gai^ /S.~^ w zi aii . Of 
course the additional terms multiplying the denominator do not contribute when 
evaluating the expectation values z^^ — <,Q\a^ Z{a^)\Q>^, because they annihi- 
late |0>^. Because the Schwinger functions z^ completely determine Z{a^) (cf. 
lfTT|) . the expressions H43|l and (|61|l must coincide. In the apppendix, this will 
be shown explicitly up to third order in the interaction parameter g. 
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6 Conclusion and Outlook 



In this work an explicit representation of the generating functional for the large 
N limit of Schwinger functions has been found in terms of free-algebraic opera- 
tors. It is to be hoped, that this representation can be used for the numerical 
evaluation of the large N limit of field theories. Perhaps in the future methods 
for the representation of free-algebraic operators will be developed, which allow 
for a non-perturbative treatment of the planar Schwinger functions. 

For the present I see the possibility to use the new expression for the large 
N Schwinger functions. 



<:0\<::0\a^{l+gai+A-\i,{ai,^ - ai,bi,+ - zi,bi,+ ) - ai+{A-\i,bi, + &;'+)) |0>J0>„ 



as the starting point for a perturbative expansion. 

An expansion of the denominator yields a sum of graphs with two kinds of 
links for the contraction of a- and fe-operators. The use of two kinds of links in 
the description of large N perturbation series is not new. The very first paper 
discussing the number of planar Feynman diagrams 18^ separated the links of 
planar graphs into two classes in order to deduce an upper limit for their number. 
In effect [IBJ already contains the proof, that for the zero dimensional case the 
representation 1)53(1 leads to the nonliner equation H57|l . Also in a more recent 
series of papers f|19j. |2(J| and references therein) a combinatorial construction 
of the planar limit in zero dimensions was given which uses two kinds of links. 

The explicit representation ((62|l furnishes a very simple set of rules for the 
generation of planar graphs. These rules are summarised in the appendix. The 
use of these rules in a Monte Carlo procedure for the evaluation of the sum of 
planar diagrams will be developed in future work. 

Appendix 

In this appendix an expansion of the denominator in the representation H62|l 
will be developed. Using this expansion, the equivalence of the formulae H43|l 
and H61|l for Z(a'^) will be proven up to third order in the coupling constant g. 

The denominator 1 — S'(a, a"*", b, 6^) in the representation of planar Schwinger 
functions involves two sets of free-algebraic operators ai , o;^ and 5; , 6;+ in five 
different combinations: 



(62) 



0(2; 
0(3; 
0(4; 
0(5; 



ai+A-\i,bi 

gatA^^wi 
gaj^A^^wc 
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Expanding the denominator yields a geometric series of products of operators 

oo 5 

{1- S{a,a+,b,b+)-^ = 1 + J2 J2 0^'''> ■ ■ ■ O^'-^ (63) 

n— 1 — 1 

and the action of every term of this series on the combined vacuum state |0>^ |0>^ 
can be interpreted as a walk in the two-dimensional (ua, 7i&)-plane of states 
occupied by Ua particles of type a and by ni, particles of type b. In this plane 
the state |0>J0> is represented by the origin and each of the five operators 
can be represented as a specific arrow a^'^' indicating the shift of occupation 
numbers induced by the action of the operator: 



=^ a(i) = / 

0(3) =^ a(3) = ^ 

^ a(4) ^ /■ 

0(5) ^ „(5) ^ I 



In order to distinguish the operators O*-^-* and 0''^\ both of which increase 
Ua and nt by one unit, O^^^ is represented by a double line arrow. As an example 
fig. (P) shows the path representing the term 0(3)0(4)0(5)0(2)0(1) |o>jo>_^. 




Figure 1: A walk contributing to the sum H63|l 



Not all walks generated by the five arrows contribute to (1 — 5)^"'^|0>J0>^. 
Since O^^^ annihilates |0>^, O^'^^ annihilates |0>^ and O^^^ annihilates both 
|0>^ and ai^\0>^ the first step of the walk has to go from (0,0) to (1, 1) and 
all sites visited later on must have ria > 1 and rif, > 0. Furthermore because 
of the identity 0(^)0(1) = -0(5), every contribution to the sum containing the 
operator O'^^ will be canceled by a corresponding contribution containing the 
product 0(3)0(1) instead of 0(5). This can be summarised by the following set 
of rules for the generation of walks representing the sum Ijfi^ll : 
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rl - All walks are constructed from the four arrows a^^\ a^'^\ a^^\ a^^^ 

r2 - The first step of the walk must be a*^-*-) or a^^^ 

r3 - The walk must not extend to the left of Ua = 1 or below ti^ = 

r4 - a*^-*-) must never be followed by a^^^ 

The one-point planar Schwinger function zi is the sum of all walks starting 
at the point (0, 0) and ending at (1, 0). To zeroth order in the coupling g only 
walks built up from the operators O^^-* and O'^' contribute, because all other 
operators include a factor of g. Since it it not possible to construct a walk from 
(0,0) to (1,0) using only a^^^ and a^^^ , there is no zeroth order contribution 
to Zl. 

To first order all walks with one operator O^^^ and any number of operators 
and contribute. Operator O'-^'^ starts at g^, so it cannot be used for 
first order walks. The only possible walk with this composition is drawn in fig. 

©■ 



Figure 2: Walk for 1th order zi 

The evaluation of the corresponding vacuum expectation value of the oper- 
ator product yields 

z,(i) = -gA-\i,A'\,i, (64) 

To second order, to which products of either two O'^'^^ or one O'"'' and any 
number of O^^^ and O^^^ operators contribute, again no walk connecting (0,0) 
to (1, 0) can be constructed. 

Third order finally receives contributions from 4 walks containing three fac- 
tors of O'^'^^ and from one walk with one O^'^^ and one O^''^ , which are all depicted 
in fig. (O. 



13 



/C\ 



Figure 3: Walks for 3rd order zi 

The evaluation of these contributions shows, that the 2nd and 3rd walk have 
identical values and that the 5th walk cancels one of those which leaves three 
different contributions to third order: 

^ Ik^ km^ km^ mn^ nn 

(65) 

I A-i A"-'- A^-'- A"-'- A"-'- 

i ^ Ik^ km^ kn^ mm^ nn J 

The factor fc;(6+)|0>^, which appears in the expression 143() for Z{a^) also 
can be analysed according to the walks, which contribute to the expansion H()3|l 
of the denominator in 

ki{b+)\0>, = <;0|a,(l - 5)-i|0>jO>,. (66) 

All walks according to rules rl - r4 starting at (0, 0) and ending at the line 
ria = 1 will contribute in this expansion. To zeroth order this is just the single 
step walk a^^^ , which contributes the term 6i+|0>j,, which cancels the explicit 
term — 6; + |0>^ in the expression (|43|) . 

To first order all walks must contain one factor of 0^'^\ therefore the walk 
0(1)0,(2)^(3) fig. 121) contributes, whereas the walk a^-'-^a^-'-^a^^) is forbidden 
according to rule r4. This shows the equality of fc;(6+)|0>(, and 2(|0>^ to first 
order in g. 

To second order two walks contribute (cf. fig. which cancel each other. 




Figure 4: Walks for 2nd order ki 

The equality of the expression for Z{a^) obtained in sect. 4, ea. (|43|l . and in 
sect. 5, ea. (|61|l . therefore is established up to third order in the coupling constant. 
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